In this paper we introduce higher dimensional thin-shell wormholes in pure Gauss-Bonnet gravity. The focus is on thin-shell wormholes constructed by N ≥ 5-dimensional spherically symmetric vacuum solutions. The results suggest that, under certain conditions, it is possible to have thin-shell wormholes that both satisfy the weak energy condition and be stable against radial perturbations.
I. INTRODUCTION
Wormholes and black holes are the most interesting solutions for the Einstein theory of gravity. While black holes are attractive for their simple structure and existence of the so-called event horizon, wormholes are rather mysterious for their geometrical and topological structures [1] . Wormholes are hypothetical passages between two distinct and distant points within the same or different spacetimes. Traversable wormholes are even more interesting due to the opportunity they provide for a traveler to make, in principle, impossible journeys possible [1] . Due to the structure of a wormhole solution in R-gravity, the corresponding energy-momentum tensor does not satisfy the necessary energy conditions [1] . Hence, traversable wormholes are exotic spacetimes. Believing in the nonexistence of exotic matters in our universe implies that traversable wormholes are not physical but some mathematical objects. Any attempt for finding wormhole solution supported by regular matter in R-gravity is failed from the beginning. Hence, researcher moved on with modified theories of gravity such as f (R) and Lovelock theories [2] .
On the other hand, an attempt for constructing traversable wormholes using junction formalism brought some hope to the wormhole community to minimize the exotic matter, if they are not avoidable [3] . Such wormholes have been called thin-shell wormholes (TSWs). Initially TSW was proposed in Einstein's R-gravity where two flat spacetime with a hole were glued together at the boundary of the hole. The common hole was indeed the throat between the two flat spacetimes [3] . Having finely chosen the geometry of the throat, gives the possibility to minimize the exotic matter which presents at the throat. The concept has been developed over the last three decades such that a rich literature on different aspects of TSWs are available [4] . Although TSWs are different from the former classic wormholes -due to the fact that they are not direct solutions to the Einstein field equation -they also suffer from the same obstacle as their former. This means that TSWs in R-gravity are supported by exotic matters. Will constructing TSWs in modified theories of gravity give chances for having TSWs supported by normal matter? The answer is yes [5] and in this current study we shall give another evidence for a positive answer.
Moreover, TSWs may also suffer from instability against an external perturbation [6] . This is an important issue due to the application of TSWs. Let us note that a traveler (or signal) who uses the throat, in general, makes interaction with TSW which can be considered as a small or large perturbation. If such wormhole is not stable against the perturbation, it either collapses or evaporates. This is why, almost all constructed TSWs in the literature have been investigated for their stability, as well.
The paper is arranged as follows. In section section II we briefly review the Lovelock and the pure Lovelock gravity and their solutions. In section III, within the standard framework of thin-shell formalism, we construct the TSW in the pure GB gravity for N ≥ 5 dimensions, and investigate the conditions under which the TSW could be supported by ordinary matter. Section IV is devoted to the stability of the TSW against radial perturbation to see whether our ordinary-mattered TSW could be stable or not. Finally, we bring our conclusion in section V. Throughout the paper we have used the convention G N = c = 1.
II. PURE LOVELOCK GRAVITY: A REVIEW
Lovelock theory, is one of the higher dimensional modified theories of gravity which leaves the gravitational field equations second order [7] . The first order Lovelock theory is the Einstein R-gravity in all dimensions. The second order Lovelock theory is known as the Gauss-Bonnet (GB) theory and is defined for spacetimes with dimensions of five and higher. The third order Lovelock theory is applicable for seven dimensions and higher, and is well-known due to the two additional coupling constants it provides. The general vacuum N -dimensional Lovelock theory is formulated with the action given by
in which κ = 8πG is the Einstein's constant, c k are arbitrary real constants, N −1 2 is the integral part of N −1 2 and
are the Euler densities of a 2k-dimensional manifold, where the generalized Kronecker delta δ is defined as the antisymmetric product
For k = 0, we get L 0 = 1 and c 0 will be the bare cosmological constant. For k = 1, one finds the Einstein-Hilbert Lagrangian where L 1 = R and c 1 = 1. The well known GB Lagrangian is found with k = 2 such that
and c 2 is called the GB parameter. Finally, the third order Lovelock Lagrangian is given with k = 3 where (5) and c 3 is the third order Lovelock parameter.
Considering an N -dimensional spherically symmetric static spacetime with line element
the Einstein-Lovelock's field equation reduces to a k-order ordinary equation given by
in which A (r) = 1 − r 2 ψ (r), and the dimension-dependent mass parameter µ is related to the ADM mass M of the (possible) asymptotically flat black hole or non-black hole solution by
Furthermore,
is the surface area of the (N − 2)-dimensional unit sphere,c 0 = c0 (N −1)(N −2) ,c 1 = 1 and for k ≥ 2
In contrast to the general m-order Lovelock gravity with 1 ≤ m ≤ N −1 2 , in m-order pure Lovelock gravity [8] , except for c 0 , all c k for k = m are zero and c k=m = 0. With the same line element as (6), the field equation of the m-order pure Lovelock gravity becomesc
where the general solution for ψ is obtained to be
in which is the cosmological length inc 0 = − 1 2 . Finally the metric function is given by
In the rest of the paper we consider the pure GB gravity without the cosmological constant by setting m = 2 and c 0 = 0 which result in
where ω 2 ≡ μ c2 is a positive constant. This solution for N = 5 and N > 5 admits different asymptotic behaviors. For N = 5 the metric function in (14) reduces to
constraint by 1 ∓ μ c2 > 0, which is an asymptotically non-flat spacetime and possesses a singularity at r = 0 with a conical structure accompanied by a deficit (surplus) angle for the minus (plus) sign. For N > 5 the asymptotically flat solution in (14) has a singularity at r = 0, which is naked for the plus sign and is hidden behind an event horizon located at
for the minus sign.
III. THIN-SHELL WORMHOLES IN PURE GB GRAVITY
To construct a TSW in an N -dimensional m-order pure Lovelock gravity we cut out the inner part of a timelike hypersurface Σ := r − a = 0 in which a > r h (r h is the possible event horizon) and make two identical copies from the rest of the bulk spacetime (6), namely M (±) . Afterwards, we glue the two incomplete manifolds M (±) at their common boundary hypersurface Σ. The resultant manifold, i.e. M = M (+) ∪ M (−) , is complete with a throat located at r = a. Joining the two incomplete manifolds at Σ requires the so-called generalized junction conditions to be satisfied. These conditions are, in summary, as follows. First of all, the induced metric tensor of the throat should be continuous across the shell i.e.,
and (h ab ) ± are the induced metric tensor at either sides of the throat defined by
Herein, (x α ) ± = {t, r, θ 1 , ..., θ N −2 } ± are the coordinates of the bulk spacetime while (ξ a ) ± = {τ, θ 1 , ..., θ N −2 } ± are the coordinates of the hypersurface with τ being the proper time. Upon satisfying the first junction condition, one finds r ± = a (τ ) , θ a± = θ a andṫ
in which a dot stands for derivative with respect to the proper time τ. Hence, the induced metric of the throat becomes
The second junction condition implies that there is a discontinuity at the throat associated with the energy-momentum tensor of the fluid at the throat, given by the equation [9] − κS ab = 2c 2 3 [J ab ]
In (21), S b a = diag [−σ, p, p, ..., p] is the surface energy-momentum tensor,
is the divergence-free part of the Riemann tensorR amnb (compatible with the metric of the induced metric),
and J = J a a . Furthermore, in (23) K ab is the extrinsic curvature tensor (the second fundamental form) of the hypersurface defined by
with the spacelike normal vector given by
Using (21), one obtains the surface energy density and the lateral pressures as [10] 
and
respectively. Note that, a dot stands for derivative with respect to τ while a prime implies derivative with respect to the radius a. By assuming a static equilibrium configuration for the throat, where a = a 0 andȧ =ä = 0, the static surface energy density σ 0 and pressure p 0 are obtained as
respectively, where A 0 = A (r)| r=a0 and A 0 = dA (r) /dr| r=a0 . In what follows we shall study some specific cases regarding the dimensions and black hole/non-black hole spacetimes.
A. N > 5-dimensional asymptotically flat bulk spacetime
As we have mentioned previously, for N > 5 in the asymptotically flat solution (14), while the plus sign represents a non-black hole solution the minus sign admits a black hole. Inserting the static version of (14) into (28) and (29) one obtains
where the upper (lower) sign is corresponding to the black hole (non-black hole) solution. For the upper sign, noting that N > 5, we may have σ 0 ≥ 0 and σ 0 + p 0 ≥ 0 only if
Therefore, for any throat radius equal to or smaller than this critical radius a c , a TSW constructed by an N > 5dimensional non-black hole spacetime solution to the pure GB gravity satisfies the weak energy condition (WEC); consequently, the throat is indeed supported by ordinary matter rather than exotic. On the other hand, it is evident from (30) that the energy density for the black hole solution is negative-definite. Hence, a TSW constructed by such spacetime is absolutely sustained by exotic matter.
B. 5-dimensional conical bulk spacetime
In 5-dimensional pure GB gravity, A (a 0 ) = A 0 ≡ 1 ± ω 2 is a positive constant, given by (15). The solution is singular at r = 0 and admits deficit/surplus angle depending on whether A 0 is less or greater than unity, indicating the existence of a cosmic string. Following (28) and (29), one finds the surface energy density and lateral pressure at the throat by
and p 0 = 0.
Since A 0 is positive, for any A 0 ≥ 3 we find σ 0 ≥ 0 and σ 0 + p 0 ≥ 0. The matter at the throat satisfies WEC and is therefore ordinary.
IV. STABILITY ANALYSIS
To study the stability of the TSW in pure GB gravity, we start with the expression of σ and p given by Eqs. (26) 
In addition, Eq. (26) can be written in the form of a one-dimensional equation of motion for the radius of the throat asȧ in which the first term is kinetic and the the second term is given by the effective potential
where
After a linear perturbation is applied to the throat, its equation of motion becomeṡ
in which v 0 is the initial velocity of the throat [11] . For weak perturbation where v 2 0 1, one may expand the potential V (a) near the equilibrium radius to writė
in which u = a − a 0 . Explicit calculation shows that although V (a 0 ) = 0, yet V (a 0 ) = 0, upon which (40) becomeṡ
Clearly, with V (a 0 ) > 0, u will be confined between the roots of v 2 0 = V (a 0 ), an indication of the stability of the throat after the radial perturbation. The potential V (a) is of the form V (a, σ (a) ), hence in finding V (a) one needs to know σ (a) and σ (a) . In (35) σ (a) has been already found by using the energy conservation equation. To calculate σ (a), we start from σ (a), and considering a variable equation of state (EoS) [12] for the matter at the throat (p will be a generic function of σ and a such that p = p (σ, a)) we obtain
At the equilibrium point, after the perturbation, one finds
in which β 2 0 ≡ ∂p ∂σ a=a0
and γ 0 ≡ − ∂p ∂a a=a0
. The parameter β 0 is interpreted as the speed of sound within the matter field at the throat. In case we encounter ordinary matter, we shall have the condition β 0 ∈ (0, 1) since the speed of light is taken as unity. For the non-black hole solution, we have set V (a 0 ) equal to zero and then plotted β 2 0 against the rescaled equilibrium radius x 0 ≡ ω 2 a (5−N )/2 0 for four different dimensions in Figs. 1 and 2 , where γ 0 = 0 and γ 0 = −p 0 | a=a D , respectively. Firstly, rescaling the static equilibrium radius from a 0 to x 0 allows us to project the plots for different dimensions on a single diagram. The critical radius is now x c = 2 for every dimension, according to (32). Post-x c the matter distributed at the throat is ordinary. Secondly, it is known that the choice γ 0 = 0 reloads the well-known barotropic EoS, in which the pressure is merely a generic function of the energy density, i.e. p = p (σ). Also, the choice γ 0 = −p 0 | a=a D , in which a D is the radius of discontinuity, is picked up deliberately since it removes the discontinuity in the stability diagram of barotropic TSWs [13] . Although the discontinuity radius in the case we are studying here happens to locate behind the critical radius at x 0 = 2, setting γ 0 = −p 0 | a=a D alters the behavior of the graph. For curiosity we would like to see how it affects the stability diagram of the TSW. The discontinuity radius is where σ 0 goes null. The value of the rescaled discontinuity radius is calculated as
It is evident that the value of this radius for N ≥ 6 always happens to be less the value of the critical radius at 2. in four different dimensions. Note that the horizontal axis starts from the critical radius, beyond which the matter at the throat is ordinary.
In Figs. 1 and 2 , the regions of stability, where V (a 0 ) is positive and the throat is at a stable equilibrium, are marked. As it can be perceived from Figs. 1 and 2 , for both barotropic fluid and variable EoS fluid, also for the dimensions considered here, the TSW could be radially stable in the physically meaningful range β 2 0 ∈ (0, 1) beyond the critical radius x c = 2. Therefore, a TSW constructed by a non-black hole vacuum solution in pure GB gravity, can maintain ordinary matter and is stable against radial perturbations either the fluid is supported by a barotropic or a variable EoS. Furthermore, it is evident that for higher dimensions it is more likely for the TSW to be stable for both barotropic and variable EoSs. In addition, for counterpart number of dimensions, a variable EoS TSW is more likely to be stable than a barotropic TSW.
For the cosmic string solution when N = 5, our approach is slightly different. Fig. 3 directly displays V (a 0 ) /β 2 0 against a 0 , for four different values of A 0 . The values of A 0 are chosen such that the TSW satisfies the WEC and the matter is ordinary. As can be observed, for all the values of A 0 > 3, V (a 0 ) /β 2 0 is an absolutely positive function of a 0 , which, considering the physical condition β 2 0 > 0, indicates that the TSW is stable against radial perturbations. The figure suggests that this stability is stronger for higher values of the constant A 0 and lower values of the radius of the throat a 0 .
V. CONCLUSION
It has been decades that the cutting edge in wormhole studies has been to find a wormhole-like structure that satisfies the known energy conditions. It was known that in Einstein gravity, wormholes are supported by exotic matter, which does not satisfy the energy conditions. TSWs, which were introduced by Visser in 1989, opened doors to a wider class of wormhole-like structures which also had this advantage that the matter supported them was confined in a very limited area, say the throat of the TSW. However, it was soon learned that the TSWs suffer from the same exotic matter problem, as well. One way to bypass this problem is to rely on modified theories of gravity, towards which the Lovelock theory for its richness and simplicity is one of the best choices. TSWs in third order Lovelock gravity have been studied before and it was shown that under certain conditions they may satisfy the energy conditions [14] . In this study we challenged the pure Lovelock gravity of order two, i.e. the pure GB gravity. It was in four different dimensions. Note that the horizontal axis starts from the critical radius, beyond which the matter at the throat is ordinary. shown that for a non-black hole vacuum solution in N > 5 dimensions, if the thraot's radius is less than a critical value (Eq. (32)), the thin-shell wormhole can be held together by ordinary matter. However, for a black-hole solution in N > 5 dimensions, the energy density is always negative and hence the matter is always exotic. Also, it was demonstrated that for the vacuum cosmic string solution in 5 dimensions, the matter is ordinary under some certain conditions (A 0 ≥ 3). In continuation, we investigated the stability of such TSWs under a radial perturbation by the standard linear stability analysis. It was observed from Figs. 1 and 2 that for the non-black hole TSW, there is a good possibility that the TSW is stable and physical either the ruling EoS is barotropic or variable. However, it is more likely for the TSW with a variable EoS to be stable than a TSW with a barotropic EoS. Moreover, Fig. 3 suggests that the cosmic string TSW is always stable when the matter is ordinary.
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